]2 Seﬁuemoas
2 Sesluewoas ard Their Limtts

Def]V\'\'biOV\ :

A Seﬁvence cf real numbers (or Se&luence n R) s deﬁned a3 a f.mc(‘ion K:N—->R.
L)Swz“a L we wite  wae X and denste a Secluerce loé %3 or {xle

EmmFles-.

1D K:N=R s defined ba K = (LY
Then Bl ={ 4,4, 4. -3

2 (Fibonacci Secluey\&)

{fn} is 6lven 5\3 :f‘ =f==‘ QV\d fm}_-f‘y\*"fm fb\" all neN .
LAl 23 5 8,03, 03
.L.Defw-ﬁiown: Clmek of a sec(u\ey\ce. )

S«H»se =3 1s a Sec,uemce. crf veal numbers . xeR 18 said to be a lmit cf-ﬂz\e

Sequence {xad ?f whea n SG&MS (avger and lo.rae.r , A IS ﬁeﬁmj closer and closer
“o %, we dencte tt \98 vl{g“x,\:-x.

ln this case, we also Say =3 Converpes o = . l-f “he Sequence. hos a limiE . we
say =3 s a comersewt Sec{ueme , otherwise. Tt 18 a dweraewt Sequence..

Caution : The (mtt % wust be a real number and 400, -c0 are NST real nimbers .

EXAMF[& i

|) 'X.y\-.-.—(vT

v

(Wb-&'ﬁ\le.(a , J\ig\“ i ) ‘!\ig\oo L =0

2) ('f 7(«\=(--()“_VlT , ivt(',\xﬁ\/ela, |!\i.':‘°°7<“= o . (Remark: TYB <o reF\’eSeth el gvth?caH(a )



Nalve((a, ;)E. v!'-'a"‘ax" =X

The +ail should belhave like dais !

=<,
% TT—

*
*13
Ko

v

>
We. do NST cave

much at the Ioeginniwﬁ

How o fcrw\alize +his idea ?

Deflv(r‘:ion : (Limrk cf 2% SecItAey\Ce. )
A Sec]u\ev\ce %3 1 R 8 Sad +to convevse > xeR, l-f
For all 250, there exsts K@ eN  such that -fow al nz ke , we have [xa-xl<e€

(Veso)(a k@ »0)(Vinz k@) Uxn-xl<g)

Geometrical meny\ivg :

N
x+g] %
k3 ~ ®
« — —
= S
*
k) i

No matter how small £>0 we ~I>ic|< . f we draw a  £-+abular heB\'\L:oY'l‘\oocl of >,

We can alwaas ‘fiv\d Ke) eN CdeFemliv\j on € ov\ISB sSuch that the +ems
ey + Kiteyr - (terms at the tail) are all (za'-v\3 in ~the V\e.'ﬁ’nbovl'\ood.




Theorem - (Onic(uenes cf limatt )

A Sequence in R can have at most one limik .

proet

SutFche vl;lg,nax.\-a ard lim xazb .

Clam: a:=b.

'Ba Clefiui{:‘lon, let €30 . Hhere exist K., ki eN sudh that
Ixn-alsg  Hor al n2k,

lxa-blsd  $or al nzk
COV\S-Id»e\" K=W{KI;K}} , if V\?K
lxn'al+l'x“-bl<%+%=i
N

[(xtn-a) - (xn-b) | (Tvianale. ineguality )
Xnaniv\ nﬁe V\ecIa\ a

la-bl

Since € can be arbﬂ:mﬁha small , a-b=0 ie a:=b.

Remark : Now,uec'ansaa,'ﬂ'\e limre of %} mstead of a_limt of{z.&.

Examrle. :
Prove that im 2L <o

What. to do ? Check the dej%vx’r&ion!
Idea : | et >0,

A

State how to choose kel sudh Hhat [L-ol<€ ‘fu( al n=k.
(3

WEE
Think - lje V\>,|<,—JT<+<%2
O << ? 1 |
Can we choose keN such that -ff £ Yes,baAArdnmedtav\'ererba

Cor Ccmallo.va_ af)

Herelshowwewﬁ—bea?mof:
Let €50,

\o*a Archimedlian 'F(urerba_'bl/\e.ve exdsts keN sudh that —?"—<l< . ie. -|‘5<?..
Then Afor al n= K, we have lﬁ-ol=¢nst<€..

o i JY\_.=° .




Exercise. :

Bé u\s'ws ‘he E‘.-deﬁn‘rﬁovx i ’Fvwe “‘hat

5 |
Q) v|\'!»“a TR
P In4x _
2 J\'-v»“w N+ =3
¥
o) i PN

dn-1y
n-2an+F

o) |
W-an+q

Hinwt

21 _
n-an+3

Note : @ 4n-l420 & nxd  (so ‘Denaq- Ul >0)

® r-wm+3F = (n-U+bz20

-1 - b - Y o . N
© R A TEIE CwH TR Okt vhen e
(Sovwethirﬂ we need
in order o uge Avchimedian 'Fvo'Ferha !
@ %%a

Here is how we wvyite a-Fvwf:
Let €>0,
®
there oxist K'elN suchh that %<K’ i.e.%,«c‘. (bt we wory if K'>a)
Take K :max{k’ 43 enN , then l-f n=k , we have

hnoity l
-+

M ,_| -
W-2n+

- ©O)
= Wﬁ‘.ﬁ:"h k24 = Lbn->0)

L © nanetzo
b-w




Exercise :

o"l'vn to wite down the r\eja(:ion of the clej%y\r‘cion.
Ans - xeR s nst a limrk of {xd ,)e

(€)Y keN)E n2k®)(xa-x12£)

Geometvical meaning 2
2) Prove that the Sequence. s £L+COTis dvergent.
Hint : Divide wto 3 cases:

D \,\)l'ua o camct be -tre limik ?

2) Nl«-a i camct be the liwit 2

) wbua %fo,l cannct be the lmrt 2

'Defivx'rkion :

SWFPDSQ. =t s a se7uevxce n R ad meN .
et IS ancther sequevxce. in R that SXmend = {2mer , Xomea -3 -

Exercise. :

Prove that  lim tmin = x \f wdmla_1f v!!_.:\“-x,\=x,

Sim‘l‘ar'la_ ¢ and = e, % %, -3

fan-d =26 xs. 3

Exease -
Rove that nf vl\l_vgxa’x.\ edists |, then “l_i’ma'xm and JL%M-, edist .
Does the converse hold 2

P.W\S : _Fhe. Converse. does net hold wnless v\leoo—x‘""‘ = V\[_i)\/v\°° b CNPN




32 Limt Theorem
'Defw'bionr

A Sequence {5t cf real nuvbers & said +to be bounded “f there exists M=o
such Haat  kals™ 'for al neN .

CThink : Geomebﬁcal W\eamivxﬂ )

Theorem :

A c°v\ver3ewt Secr/\ewce of real numbers 18 bounded .
-
SMFFOSQ vl\i_v’naxh =% .

Take €=, thee exsts keMN sudh Haat  |xa-xl<| -for al nzk .
= el < Ixl+1 -fwall nzk.

Take Me=wmax fixl bal, - x|, kl+13 |, the vesut -ful(ouos /

=« K-t
L+ * e —
w -« *®
x? * R
iV 3
Ay
< >
—
coritvolled l:.a Il +1
Exercise :

Does the converse hokd

l\]o ! COY\SIAQV‘ {O, lL,o. (, } .
The converse holds f we. fuwtlner assume._the movxu“:cnicjﬁa. (Discuss_later 1)
.Dejlinﬂ:ion :

A Secluence et cja real nuvbers & said to be bounded above (below)
lf there exists M20 such tat xas™M (M=) ‘jeor' al nen .




Theovewm : CAlaebmic 'ProFe_r‘(:aa)
Suﬁwse J\i_t;n“x..-x and J\i_v,v\“ta“-\a , “then

O Dty fim e i g -ty
2 fig oy = fim - i g - -y

2) J\i_v:)q“x,\s“ = (J\I_g\“in)(yl\l_v’waﬂv\) = Xﬂ

im
4 ¥ Y*o v(\i_vgs“&=vt_)+=

imgw €>0 , there edst Ki.kieN siwch that
bia-xl <&  Ffor al nzk,
lgn-yl< & For all nzk,
Take K:max{k. .kl , then Hfor nzk. we have
L Gtatiynd - (X+iy) |
- ((ﬁ-?(_)-(-(%n-la)l
slm-xl+lﬂn-nl
<£+ £
=<
g vl\i_v’n“x,\+|6,\=x+a .
2) Similar to (13, leave as an exercise.
2D Hint lxnta.\—-:ual
" Lt =g exign =y
s ynlbensel + bellig-y
ovded i
4) Hink : |%}-%|

= ?‘6‘ Iu.\la -xnay.l
- w lnla-xntau-c-n«a.\-x'au\

l
< Ty (E“ll%“-%l+tta:llx“-x\)
N bowded 7



Exercises=
1D Prove that f l{!,"“’ﬁn'=x and ceR |, then ‘!\i_v;\.ocxn=Cx.

(Rave \03 clneck'ms e i—defivx‘rtion or aFFha'ihg Q) wirth %v\:c.)
2) Fill n the details of ‘he previous -theorem .

2) Prove Haat J\i!)n“'x.ﬁo rf and ovdca T-f v‘\l!)n“ [l =0.
(Hirt: - No-{:lr\ivﬁ,kaurt [2tn- ol =lbtal-o )

Theovem :

If X O —for al neN and lim xa=% , then x>o0.

Prosf

Sv?rose the chEmr\& , X<O.

Take =8 X | there exsts Ketl such that bu-xl<e $or all nak.
ln ‘Fav'(:icm\aw che-xl<e 3 o <xte-Z<o (Conbradiction ')

h
K S
x
xe§g L
x k3 * *®
-~
" *®
2§ %
*
-Re.manrla=

0 Pmna weaker version cf +the cbove theorem ?

Yes . Xn20 'fo*‘ Svﬁ'ciewatg la.\'ae. n ' (P\V\\awaa_ . w\r\a:‘: Yeau% mct&ﬁvs S 'Ur\e ‘ta?l ()
2) lf X >0 :fov- all neN and k_v_;\*xy\ux , does T lwrlea x>0 2

No ! Consider 'x.,\=LV\>o .

Theorem -

If HnZ Yo fov- all neN and ki“a’c“=x and vl\ig\wla“=(a_ , then xzyY.
‘P\’Dof:

Ps]sr(\a ‘the Fve.viou\s ‘theorem  to Za = AnsyYa 2O

Exerdse:

Prove trat lf asxnsb fb\r al neMN and Jj_u)/\*xn=x ,then asx<b .




Theorem : € Sandwich theovem )

SuFFose. fxal 1 3.3 and {zal are Sec{wawces cf veal numbers  such that
AnS Ya$ Zn fov- all neN and Hrat (imm=£\i_v:\“z,\= L . Then {3.3 1S c:ovwerﬂenb

Y
OsV\d ltm la“=|_.
4 X 2Zn
X ® %n
K
x % X Xn
L % <
<
x

proof -
Given €>0 , there exst K . kyeN suwch tat

[~n-Ll<e fcvall nz kK, S L-g<xn foval( n= K,
lzn-Ll< € Foral nzky > 2n< L+e For al nzk,
Toke K= max f k3, then $or 3k . we have

L-< <x“sta,.sz.,.<L+i_

= lsn-Ll <<

-l g e L

5<aml>le-.

Find  lim —;!cs'mvx (Nete : [im sinn _does (ma«a) NGST exist )
N->c0 N-Sce

-1 Sinn <

el <L
w ST SN s r

i | s {

1 -— = _—
and J\M " (IM " o

Ea sanduich ~theovrem , i —V‘tsivw\ =0
Nn>o0

Main issues in this exawrFle. : @ Iswmnlst 'for all neN  (howded)

Lo
@ vl\i!)naV\.-o

We con Sa«emlize_ His resudk as a -theorem.




Theorem :

SU\FFOSQ. Bl and {yd ae Sequences. in R such that lim xa=0 and {yd 1s bowded,
“then J\ig\“x,\tan=o.

et

"&6 aSSMMFEhV\ that {yd s bowded ,

there odsts M2o0 such Haat lgals M (e -MsigastM) For all neN
Note : -bulsxashal  For all ne

. -th..lsm.la.\s M (el -for al nenN
fi, w0 o fim bleo
> J‘i_%-Mkznl =vl‘i_v’n‘°Mlx.\l =0

‘Ba sandwich ~theorem, &yﬁm‘a,ﬁo i

Exeyc’seS:
D) Show that lim £ sinn =0
e N
2) We know that J\ig\w'x,,ﬁo lf and OV\lta T'f J\i!}n“lx.J:O.

s £ twe that J\i;n“-x,ﬁx rf and onlua rf J\ig\“lxnlﬂx( -fuv- %0 ?
Pns : T=" is bue (‘{:rla +o ~l>vove_) bt “=” 1 —false {

33 Monstone Se/.ruences

Recall : %3 is Converge ; %3 s bouwnded .

However . can we. add surtable QSSU\WtFElOV\ so Hat ‘" s bue

befivﬂ'ﬁovw
let (<3 be a Sequence cf veal nuwmbers .

fx3 s said €o be ihcreasims (decreasiﬁ) If L S Xy (o = rey ) for all neN.
f%3 18 said o be a wmoncstone «:f t s erther 'lncreasivB or decreasiv\s.

B@W\‘Fle:
lf =D —j?ov- all neN , then deax-l«a, >3 s increasing.
However , fx.l 1s chvevjewh.




Theorem : (Monstone C.ovwevaeme Theorem )
lf %3 s a sequence cf real numbers such that t s bounded above (below)

and ivxcreas‘mS , then =3 = cbnvevjew(:.

lclea : A

M

X <

Coution : Bven a5t for all nedl, tt does NOT inplyfug 0™ |
LJL\L& nst M2 M mawy NST be -the —Eiﬁhtes‘b one !
The -bﬂkhest ore = %= Sup {xa: neMN3

Claim = lim > =

preof

Given £>0 .

%x-£ 18 NST an upper bound of {tn: nemy

S thee exists keN sudn that  x-g<x<x .

Then fw n=k ,we have x-€<x sXnsX<XAE

s> lxa-xl<t {'Zu'i is IV\CYERSIV‘S.

livn A =X .
[

Theorem : (Euler’s Number e )
Let fed be a sequance of real numbes defined by en- e For neN.
Then fed is convergent, ard we dencte e::lim en.
preef
) Claim : {edd is increas'ivxa.
Cn= (144" 20 Coo5)

- B e G0

- B L T o] - (G

S )R -5

Nl
S'“’"f‘la"((é ~Cner= (H#)WH = :L:.o —‘l.—, e (l-ﬁ)(l-v\?‘T) (l-%l‘-)

L en€ Cpn for all neN.



2) Claim : fesl s bounded above bga .
e B 1 Um) (=3 - G-

"
. . U
= l+'g“ St Nste : ._‘l__‘\ > rz1 (W‘NA")

S 0ttt )
<3
Comb'.v‘ing M and @) , Hhe vesutk -‘follows 'Dé moncstone. Covwe\'ﬁence. “reorem .

4 Su.\osealu\ey\ces and the Bolzane - Weiersbross Theorem

'Dﬁwtiom

let &3 be a sequence cf veal numbers and n<nas<--cn<-- be a gbficﬂa increasing
Sequence of nabural  nuwbers . Thea fxal gjiven b:j Bl g oo Koo 3 1S called a
sdosecluey\ce_ of fxal.

Netual resutt we epect -

Theorem :

f B is a sequence cf veal numbers -that Corverdjes to %, then any s«Josec?uemce Tt }
of fxd comermes to % as well , we weite lim_ o 2 or [im A=

-Fmof= (Exexcise)

Not Surprising but the covd:mPos'rE‘we is acb.m(lb move useful .
Theorem : CD'Ne\"ﬁence_ Crtteria )
a) There exists a cliverﬁewt su\oseﬁuewce T, ¥ of fud .
b) There exist Shloseczuer\ces Bt and B} of 03 sudh that fim X # fimn_ .
{2l = diverﬂe,d-, § etbher @ or b holds .

Exeraise :
Rrove Hat the follow‘mj ser?ue,v\ces chverﬂe.
a) y={o.1,0,2,0,3,...3 b) Tl = L=t 0,1 -3 &) Hn=sin

d) Xn=Sinn (HM’E H ‘F\rove “+here exst {Xn:S ar\é {ﬂh-ﬁ such that Mzé G\V\A v(:‘ksé \)



While  NoT evervj seﬂuence_ is_monctone |,

t s SM\’FYiSiV\ﬂ “‘that everj sezlu\e_wce has a wonstone sl,xbseqwey\ce.

“Theovem : (Monctone Su‘osecluence -Hheovem )
(f =l s o.se7ue.nce ofveal numbers |

then there exists a monstone S«Jose?u\evxee e P Gf e A
P

ldea . | eaks : X is @ peak 1 Kmzxn for all nem.
‘”/ZF

*
< * *
®

Case | : {3 has iw?inﬂ'z\a w\an:) 'Peol:s .

A

v

Those 'Feals fvrwx a decreas?vﬁ Sequence..
Case 2: {x.3 has -?m?te 'Feaks :

A Xm
®

é"‘ %Qmeof'xmw'wexm>xh

[ lKND‘I’a 'Feqk

S
>

No Feak loegovd this  line

FRePeaﬁvtj “his a\ﬁo\wewt +o 3e(: an incrensimﬁ sdoseclu\ey\ce.

Theorem : (Rokano - Weierstrass  theorem )

A bownded se::{uxev\cz of real numbers has a c'_ovxveraevrt &A\osectuence.

'chja:

Mownctone Sulosea(uence theorem + Monstone Covwe.vgex\ce, -Hreorem




Examr‘es:
D) Xn=w -fw al nenl

{%d hes wno C.bvwerﬁewb SvJosec(uewce I ({3 1S wnbounded )
D) An=Sin wn ‘fav- all neN .

%3 is bownded and diverﬁewt. However , Bolzano - Weierstrass  theorem 3muw(:ees
the existence cf a covwe\'jewb Subsequence.()nfwbamteha, s hard 4o write Tt
dowvx €><|>(ic'rhl¢a .

Come back 4o the Ctues(:lovxz

‘iwx An =N v wa K =%
N> % —>c0

& ma.a NOT true because  fxnd mag NST “contain the whole +ail ~ :sf .l
(On\ta loo‘dvs at one Sm‘oseclu\ence_ D)

However , how aboust (ool:‘wﬂ at AL sdosectuev\ces 2

Theovem :
[et 03 be a sequence of veal numbers .

. Comverges 4o x If and 0“13 ?f every sdoseciuey\ce cf LM converges +to w.
P

‘e’ S««Wose e C',owbrwrla )

+there existe .30 such that -fbr' al kel ,thiere exists nzk sudh Haat [xn-xlzcc —&®

let k=1, aPFI'é @, we have n,2k=1 such that |xn-x|2 €.

Let Ken,, aFF"é &, we have nyzk=n sudr that |xn-x|= €.

FRe.PeEEMS ) to obtain a Su\oseﬂv«ence Bt cf il such that  |xn-xlz €0 — k)
Note : 23 is bounded = {xu;i is bov«w:led

E\a Bolzano - Weierstrass  theovrem Hxnd has a cov\verf}e.vrb Su)oseﬂuenca
but the limit cf . cannst be « because cf kx|,

. contradicts +to the asumfb‘«on tnhat every sdoseﬂuey\ce uf et converses ‘o .




5 Cao\chs Critevion
'Defw\'rbu/\ :
A Sequence %3 of real numbers 1 said +to be a Cau\c'r\(a Sequence «ja

for all €50, there exists keN such +that -fur all m.nzk ,we hae [wm-xaul<t.
VY £50)(3 keMN) (Y m,n2K)Usxtim-Xul<€ )

Geometrical Meavﬂvg :

A

: R K e
" «° 3 ,c—idistaﬂce<i

Ln

" S
No matter how small £>0 we -Fick )

wWe can alvoabs -fivm\ KeN such twat fcr any +wo 'Foir\{s bexc/)ov\cl tre line ,
the diskance beboeen them s less than €.

Exercise -
Wyike dowin dre V‘%d‘b'(on cf e defiv(rtiov\.

Ans : %3 s NST a Camcha Sealu\ence_ «-f (3£>)d keN)(@Fm n2K) Uxp-2al=€)

Naham( Quesﬁon .

{2l s covweraewb 55 a3 s Ca(ncl'\a Pns : Yes !

Theorem :
let %3 be a sea‘u\ey\ce_ cf veal numbers .

{xd s a c:ovweraewb Sequence ?f and on\‘a i—ﬁ fx3 is a Ca«»cl«.a sequ\e.nce.
Pt

“=> SMFFose. v!;l;n“vr.hfx..

Let €30, there odsts keN such Hraat for any nzk , we hae btn-xl<E .
Consider m,n 2k , we have l’zc,.\-7(.|<-§ and l':c“-1|<-§.

Then =l = (5= + % =%l

s bl + -2 < £+ £ =€




< SMFFose =t is a Caucl'\ca sequence..
Step Prove that fx.} is bounded.
Step 2+ By Bohano - Reierstrass theorem Bl has a comvergert subsequence
ad let ll:ig\au“\==x'
S’ceF?>= Show that {33 converges ‘o x .
‘Frocrf of () : Take €=1 , there exists keN such that |xn-xcl<
Take M=kl bl bt Ll 13, then Bals M For all neN.

'onof of @) : Qiven €50 ,
there odists keN sunch that —for any m.nzk ,

we  have lm-mk%.

Since  {xtnd cvaerﬂes +o ~«,
‘there exists V\:)BK such that h(.ns-xk% .

Then fcv- al nzk,

bt =2t 5 2 =g 4 2y = (Use os_as a“bﬁaje")
S ot = 3ty L bty - |
<£+%
=€

Remark :

Theorem -

[et &3 be a sequence in R.

{203 converges to a -Fo'm-b n R ?f and on\\a ?f 3 s a Cauclma Sec(uev\ce in R.

Question : Can we ve]>|aae R l>q3 other Space X2

Answer : No! Consider X=(o,1) or X=Q, the +theorem does NOT hold an.&more!
(egq tnzgrelod For al neN . fxd s a Candy Sequence in_(a.0,

however lim dr=0 which s NST a et 1 (o) L)

K s a wmain issue  studied wn  Functional val«asis.



Exevcises :

D Rove clirectlca that -the follow?nj Seclwawcgs are Ca.ucl«ua Secr»znca.

(nstead ajz 'Fmvina -Hne:a oovwev3e and aF‘F\la -the above -Hhreorem )
a) x.\=+L ‘for al wneN

[ |
b) A= bbbl 4

2) Prove clirec(:lca that An= I+ is NOT a Co.udvua sacr,«evm

26 FPquer 'Divevae.vtb Seﬂuevxces

Note : The limit of a Seﬂuevm must be a real number, but = and - are Jus(-,

Converttions , SO we cannct saua "} c:mva-ﬂes 4o o or —0”.
However , it s still worth -+o deﬁv\e. cleo.rlc.a what vl\i_v’n“x,ﬂoo / -0 wmeans .

—Deﬁn'rbiovw (.Divenf)ew(: but NST oo bad )

We 5016 v{l_v:\“xazoo (-o0) "rf -jlor' al Me®R , there exsts kelN Ssuch that
An2zM (asM) -fw al nzk.

We. Sma =l = ‘PruFe.rha d‘lve\rjevﬂ: in case we have v!i_i'ﬂa'x“=m or v[i_v’na'xnpco.

E<aml>les:
0 gyt e ca

'Bxa Avchimedian 'Pv-oPa'ba ,-for al MeR , there exdsts keMN such that k=M.
Then -fcw— al nzk, we have nzk=M .

2) liM n= oo
N0

(How -+o prove 2)

Gley\eyu(izivg )

Theorem :

lf {23 1 an uwnbounded lv\creas‘w\3 (decrmsiv\ﬂ) Secluence , then vl\l_lr!\“ Xnz=00 (-00) .
‘Fvbo:f s (Exercise_)
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